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A cycle C in G is said to be locally geodesic at a vertex v if for each vertex u on C, the 
distance between v and u in C coincides with that in G. It will be shown that a self-centered 
graph of radius 2 contains a cycle of length 4 or 5 which is locally geodesic at each vertex and 
conversely that if the longest one among such cycles for each vertex of a block has length 4 
then the block is self-centered and has radius 2. 
1. Introduction 
The eccentricity of a vertex v of a graph G is defined as the maximum of 
distances between v and other vertices in G. If a vertex u of G attains the 
ecccentricity of v, then u is called an eccentric vertex of v. The radius and 
diameter of G are the minimum and maximum value, respectively, among the 
eccentricities of all vertices of G. The center of G is the set of all those vertices of 
G whose eccentricities are equal to the radius of G. If the center of G coincides 
with the vertex set of G, then G is said to be self-centered. In particular, a 
self-centered graph which has radius r is called a r-self-centered graph. The 
eccentricities of all vertices of a self-centered graph have a constant value, 
necessarily equal to its radius and also to its diameter. In this sense, a 
self-centered graph is called an equi-eccentric graph in other papers (e.g. [1]). 
As is pointed out in [2], it is a very difficult task to find a characterization f
self-centered graphs. The center of a graph is contained in a single block, as is 
shown in [4], so a self-centered graph is a block in which each vertex lies on a 
cycle. Our purpose in this paper is to discuss a special case where a self-centered 
graph has radius 2, paying attention to such a cycle. 
A cycle C in G is said to be locally geodesic at a vertex v if for each vertex u on 
C, the distance between v and u in C coincides with that in G. (We do not take 
care of the distance between a pair of vertices different from u and v.) It is easy 
to see that a graph is complete, equivalently it is self-centered and has radius 1, if 
and only if it is a block and its each vertex lies on a cycle of length 3 which is 
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locally geodesic and which has the maximum length among such cycles. (Two 
non-adjacent vertices v and u in a block G lies on a cycle C of length t>4. If 
IC] = 4, then clearly C is locally geodesic at both v and u. If ]C[ i> 5, then we can 
find a locally geodesic ycle of length/>5 in G by Lemma 4 in the next section.) 
We shall attempt to generalize this observation to the case of radius 2. 
Section 2 includes foundations for locally geodesic ycles. In Section 3, we shall 
find a cycle locally geodesic at each vertex and of length 4 or 5 in a 2-self-centered 
graph, and discuss conversely whether the existence of such a cycle makes a graph 
2-self-centered. It does not hold in general. However, we shall conclude that: 
Theorem. I f  the maximum length of cycles locally geodesic at each vertex of a 
block G is equal to 4, then G is 2-self-centered. 
If a block G is bipartite or all eccentric vertices of each vertex are not adjacent 
to one another in G, then the hypothesis in the above is a necessary and sufficient 
condition for G to be 2-self-centered. 
Our graph is a finite, undirected, simple graph, and our terminology can be 
found in [3]. 
2. Locally geodesic ycles 
In this section, we shall discuss the existence of locally geodesic ycles in a 
general situation. First, we should establish a criterion to check the local 
geodesity of a cycle. 
Lemma 1. A cycle C in a graph G is locally geodesic at a vertex v if and only if 
there is no path Q in G such that C meets Q at its end vertices , t only and that 
both v - t  paths in C are longer than the v - t  path through Q in Q to C. 
Proof. Suppose that C is not locally geodesic at v, then there is a shortest path P 
from v to another vertex u on C which is not contained in C. Choose P so as to 
minimize the number of edges in P which do not belong to C. Let Q be one of 
subpaths of P which interesect C only in their end vertices, and s, t the origin and 
terminus of Q, respectively. If one of the two v- t  paths in C were not longer than 
the v- t  path through Q in Q t3 C, then there would be found a shortest v-u  path 
which does not pass through Q and which has common edges with C more than 
P, contrary to the choice of P. Thus, both v- t  paths in C are strictly longer than 
the v- t  path through Q, so sufficiency holds. Necessity is dear. [] 
Define a cycle C in a graph G to be geodesic ff any pair of vertices on C has the 
same distance in C as in G. We can show similarly the following criterion for 
geodesic ycles; 
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Lemma 2. A cycle C in a graph G is geodesic if and only if there is no path Q in G 
such that C meets Q at its end vertices , t only and that both two s - t  paths in C are 
longer than Q. 
The above two lemmata suggest an algorithm to search for a locally geodesic or 
geodesic ycle containing a vertex in a graph. First find a cycle C containing a
given vertex v, and search for the path Q in each lemma. If Q has been found 
then reset C to be one of the shorter cycles in Q u C which contain v. Repeat his 
process as possible. Then the final C will be locally geodesic or geodesic. If the 
initial cycle C is shortest among cycles containing v, then there is nothing to do, 
and we have: 
Proposition 3. A shortest cycle containing a vertex v in a graph G is geodesic and 
is also locally geodesic at v. Therefore, if G is a block then for each vertex v of G, 
there is a cycle locally geodesic at v in G. [] 
The following lemma gives a technical condition for the existence of locally 
geodesic cycles, and will be used in the next section to discuss 2-self-centered 
graphs. 
Lemma 4. Let G be a graph and v, u vertices of G. Let P be a shortest v -u  path 
and P' a shortest one among v -u  paths inner-disjoint from P. I f  IPI + IP'I >i 5 then 
there is a cycle of length >t5 locally geodesic at v, where [PI denotes the length of P. 
Proof. Reselect u so as to minimize the length of P' under the hypothesis of the 
lemma. Suppose that the cycle C = P U P' is not locally geodesic at v. Then there 
is a path Q as described in Lemma 1. By the choice of P and P', Q must join an 
inner vertex of P to an inner vertex of P'. If the terminus t of Q lay on P, then 
the v- t  path through Q would be shorter than the v- t  section of P, contrary to P 
being a shortest v-u  path. When t lies on P', let/'1 be the v- t  path through Q 
and P~ the v- t  section of P'. Since IP'I > Ie;I > IPd t>2, it follows that 
leVI + It'11 I> 5, which is contrary to the choice of u. Therefore, C must be locally 
geodesic at v and has length 5 or more. [] 
3. Necessary and sufficient conditions 
This section presents necessary and sufficient conditions for a graph to be 
2-self-centered in terms of locally geodesic ycles. First we shall give a necessary 
condition as follows: 
Theorem 5. Let G be a 2-self-centered graph. Then for each vertex v of G, there is 
a cycle locally geodesic at v which has length 4 or 5. 
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ProoL Let u be an eccentric vertex of v and P a v-u  path of length 2. Since G is 
a block, there is a v-u  path P '  inner-disjoint from P. Let C denote the cycle 
P U P'  whose length is greater than 3. If C has length 4, then it is clearly locally 
geodesic at v. If C has length 5 or more, that is, if IPI + IP'I/> 5, then there will 
be found, by Lemma 4, a cycle locally geodesic at v and of length t>5, possibly 
different from C. Since the diameter of G is equal to 2, the locally geodesic ycle 
has length precisely 5. [] 
Fig. 1 
If there is a locally geodesic ycle of length/>6 in a graph G, then the diameter 
of G exceeds 2. So the length of locally geodesic ycle in a 2-self-centered graph is 
bounded up to 5. The converse of Theorem 5 does not hold in general even if this 
upper bound of the length of locally geodesic ycles is assumed. For example, the 
block in Fig. 1 contains no locally geodesic ycle of length i>6 and its each vertex 
lies on a locally geodesic cycle of length 4 or 5, but it is not 2-self-centered; its 
radius and diameter are equal to 2 and 3, respectively. As an interesting fact, the 
nonexistence of locally geodesic cycles of length 5 or more makes a block 
2-self-centered. 
Theorem 6. Let G be a block. I f  the maximum length of cycles locally geodesic at 
each vertex is equal to 4, then G is 2-self-centered. 
Proof. Clearly, G has radius 2 or more. Suppose that G is not 2-self-centered and 
hence that the diameter of G is greater than 2. Then there is a vertex u which has 
distance 3 from v. Let P = v-x -y -u  be a v-u  path of length 3. Since G is a 
block, there are two inner-disjoint v-u  path ,°1, P2 of length 3 or more. If one of 
them is inner-disjoint from P, then Lemma 4 is applicable and a cycle locally 
geodesic at v which has length more than 4 could be found, contrary to the 
hypothesis of the theorem. Thus both P1 and P2 must meet P in their inner 
vertices, and it can be assumed that P1 and P2 contain x and y, respectively. If the 
v-y  section P '  of P2 has the length 2, then we take P'  +yu  as P and get a 
contradiction, using Lemma 4. If P '  has length 3 or more, then we take y as u and 
v-x -y  as P in Lemma 4 and would find a cycle which is locally geodesic at v and 
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which has length 5 or more, contrary to the hypothesis again. Therefore, the 
diameter of G is equal to 2 and G is 2-self-centered. [] 
If we restrict our object to a class of graphs, then a characterization of 
2-self-centered graphs will be obtained as an implication of Theorem 5 and 6. For 
example, when graphs are bipartite, we have; 
Corollary 7. Let G be a bipartite graph. Then the following three are equivalent: 
(i) G is isomorphic to the complete bipartite graph Kn.m (n, m >t 2); 
(ii) G is 2-self-centered; 
(iii) G is a block and for each vertex v of G, there is no cycle locally geodesic at 
v and of  length more than 4. 
When a cycle C is locally geodesic at a vertex v in a 2-self-centered graph has 
length 5, C contains two eccentric vertices of v which are adjacent. Then we shall 
discuss the self-centeredness of graphs, assuming the non-adjacency of eccentric 
vertices. An argument under an assumption stronger than ours can be found in 
[5], where a characterization f self-centered graphs each of whose vertices has a 
unique eccentric vertex is given. We call a graph a non-adjacent eccentric vertex 
graph, abbreviated to an NAEV graph, if all eccentric vertices of each vertex are 
not adjacent to one another in it. The following is one more implication of 
Theorem 5 and 6. 
Corollary 8. An NAEV graph G is 2-self-centered if and only if G is a block and 
for each vertex v of  G, there is no cycle locally geodesic at v and of  length more 
than 4. 
It is hardly possible to characterize the self-centered graphs of general radius in 
terms of locally geodesic cycles. In particular, we can conclude a necessary 
condition for 3-self-centered NAEV graphs, similar to the case of radius 2: 
Theorem 9. I f  an NAEV graph G is 3-self-centered, then for each vertex v of G, 
there is a cycle of  length 6 locally geodesic at v. 
Proof. Let v, u be the two vertices at distance 3 in G, and P = v-x -y -u  a 
shortest v-u  path in G. Since G is a block, v and u have adjacent vertices 
different from x and y, say s and t respectively. Let Q be a shortest t -v  path, then 
Q must have length 2 since G is an NAEV graph. If Q is inner-disjoint from P, 
then P + ut + Q is the desired cycle for v and also for u. Otherwise, t is adjacent 
to x. By a symmetric argument, we may assume that s is adjacent o y. Then the 
cycle v-s -y -u - t -x  of length 6 is locally geodesic at v and u. [] 
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